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AERONAUTIC  SYMBOLS 
1.  FUNDAMENTAL  AND  DERIVED  UNITS 


Symbol 

1  Metric 

English 

1  Unit 

1 

Abbrevia¬ 

tion 

Unit 

Abbrovia- 

riou 

L^n^^th _ 

1 

i 

1  meter _ _ 

foot  Tor  mile') 

ft  (or  mi) 
sec  (or  hr) 
lb 

Time _ _ 

i 

j  soonrui  _  _ 

s  ! 

errorid  (or  hour) 

Force - i 

F 

i  weight  Oi  I  kii^)gram _ 

kg  1 

weight  of  1  pound-. 

Power _ -  - 

P 

!  horsepower  ('/liotric')  _ _ : 

1 

horsepower 

lU) 

mph 

fps 

Speed _ i 

||kiio meters  per  hour _ | 

kph  : 

mps  i 

miles  per  hour 

V 

meters  per  second _ i 

j 

feet  per  second _ 

2.  GENERAL  SYMBOLS 


vVcngIit=m(7 

Standard  acceleration  of  gravity— 9.80665  m/s* 
or  32.1740  ft/aec* 

W 

Mass-— 

g 

Moment  of  inertia— Tnl*’.  (Indicate  axis  of 
radius  of  gyration  k  by  proper  subscript.) 
Coefficient  of  viscosity 


V  Kinematic  viscosity 

P  Density  (mass  per  unit  volume) 

Standard  density  of  dry  air,  0.12497  kg-m'^^-s^  at  15®  C 
and  760  inm;  or  0.002378  Ib-ft"^  sec^ 

Specific  weight  of  '^standard'’  air,  1.2255  kg/m^  or 
0.07651  Ib/cu  ft 


3.  AERODYNAMIC  SYMBOLS 


Area 

Area  of  wing 
Gap 
Span 
Chord 

Aspect  ratio,  g- 
True  air  speed 


1 


Dynamic  pressure, 

Lilt,  absolute  coefficient 
Drag,  absolute  coefficient 


Do 


Profilv?  drag,  absolute  coefficient 
Induced  drag,  absolute  coefficient 

^  (jro 

Parasite  drag,  absolute  coefficient  CDn~~~ci 

go 

C 

Cross-wind  force,  absolute  coefficient 


tiT 

Q 

n 

R 


e 

(Xa 


Angle  of  setting  of  wings  (relative  to  thrust  line) 
Angle  of  stabilizer  setting  (relative  to  thrust 
line) 

Resultant  moment 
Resultant  angular  velocity 


Reynolds  number, 


where  Ds  a  linear  dimen* 


sion  (e.g.,  for  an  airfoil  of  1 .0  ft  chord,  100  mph, 
standard  pressure  at  15"^  C,  the  corresponding 
Reynolds  number  is  935,400;  or  for  an  airfoil 
of  1.0  m  chord,  100  mps,  the  corresponding 
Reynolds  number  is  6,865,000) 

Angle  of  attack 

Anglo  of  downwash 

Angle  of  attack,  infinite  aspect  ratio 

Angle  of  attack,  induced 

Angle  of  attack,  absolute  (measured  from  zero- 
lift  position) 

Flight-path  angle 
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STABILITY  DERIVATIVES  OF  TRIANGULAR  WINGS  AT  SUPERSONIC  SPEEDS 

By  Hkuhkkt  S.  Hibn'KK  and  Frank  S.  Malvkstuto,  .Ir. 


SUMMARY 


I'hc  of  ihe  stahiHf}/  <l(rir(Jtu'( •'<  low^if^pect-ratio 

fria nf/iilar  }rinp.s  at  s^ibsonic  and  per.^ofnc  given  in 

NACA  7\\  Xo.  lJi23,  is  extended  to  apphj  to  triangular  wings 
having  large  vertex  angles  and  traveling  at  supersonic  speeds. 
The  lift,  roiling  moment  due.  to  sideslip,  and  damping  in  roll 
and  pitch  for  this  more  general  case  have  been  treated  elsewhere 
on  the  basis  of  the  theory  oj  small  disturbances.  The  surface 
potentials  for  angle  of  attack  and  rolling  taken  therefrom  are 
used  to  obtain  the  several  side-force  and  yawing-moment 


derivatives  that  depend  on  leading-edge  suction,  and  a  tentative 
value  for  the  rolling  moment  due  to  yawing.  The  lift  and 
moment  due  to  downward  acceleration  are  obtained  on  the  basis 
of  an  'unpublished  unsteady -flow  solution.  All  the  known 
stability  derivatives  of  the  triangular  wing  at  supersonic  speeds, 
regardless  of  source,  are  summarized  for  convenience  and 
presented  with  respect  to  both  body  axes  and  stability  axes.  The 
results  are  limited  to  Mach  numbers  for  which  the  triangular 
wing  is  contained  within  the  Mach  cone  from  its  vertex.  The 
spanwise  variation  of  Mach  number  in  the  case  of  yawing  is 
neglected,  although  the  effect  must  be  of  importance. 

/  />/■'.  ^  ^  "/ /  j  c  f  f 

12^^  INTRODUCTION 


An  earlier  iiivestigaliou  (roferenee  1)  has  provided  tlicoreti- 
cal  stability  derivatives  of  low-aspect-ratio  wings  of  triangu¬ 
lar  ])lau  form  at  subsonic  and  supersonic  speeds.  The 
restriction  to  low  aspect  ratio  was  a  consequence  of  the 
limitations  of  the  theory.  Several  investigators  have  since 
obtained  pressure  distributions  for  angle  of  attack,  rolling, 
pitching,  and  sideslip  at  supersonic  speeds  (references  2  to  6 
and  unpublished  analyses),  without  restriction  to  low  aspect 
ratio.  These  derivations  have  employed  variants  of  the 
linear  theory  of  supersonic  flow  and  have,  in  fact,  constituted 
important  steps  in  the  development  of  the  theory. 

If  the  rotations  are  taken  about  the  verte.v,  the  pressure 
distribution  for  each  motion  in  the  more  general  (,‘ase  is  found 
to  have  the  same  shape  as  the  corresponding  low-aspect-ratio 
appro.ximatiou,  so  long  as  the  triangular  wing  is  contained 
within  the  Mach  cone  from  the  verte.x.  The  magnitudes 
differ  by  factors  which  are  functions  solely  of  the  ratio  of  the 
tangent  of  the  semivertex  angle  of  the  triangle  to  the  tangent 
of  tlie  Ma(*h  angle.  The  same  similarity  exists  between  the 
distril)utioiis  of  surface  potential.  It  is  thus  relatively  simple 
to  extend  most  of  the  derivations  of  reference  1  to  remove 
the  restriction  of  low  aspect  ratio  for  supersonic  speeds.  Such 
an  extension  is  made  in  the  present  report. 

The  lift-curve  slope,  the  damping  in  roil  and  pitch,  and  (in 
effect)  the  rolling  moment  due  to  sideslip  have  been  evaluated 


in  ref(U’(Uices  2  to  t),  so  that  tlie  priiu'ipal  contributions  of  tlie 
l)resent  repoi't  are  the  normal  acceleration  derivatives  ob¬ 
tained  on  tlu'  basis  of  an  unpiii)lished  unstiaufy-llow  solution 
due  to  Clifford  S.  Cardner,  tlie  several  sidi'-force  and  yawing- 
moment  derivatives,  and  a  tentative'  value  of  the  rolling 
moment  due  to  yawing.  All  the  known  stability  derivatives 
of  the  triangular  wing  at  supei‘soni(5  speeds,  regardless  of 
soun'c,  are  colleede'd  herein  for  convc'iiience  and  presented 
with  respe'ct  to  both  body  axes  and  stability  axes.  AVings 
with  dihedral  are  not  treated  (although  they  were  included 
in  reference  1),  and  the  results  are  limited  to  Mach  numbers 
for  which  the  wing  is  contained  within  the  Mach  cone  from  its 
vertex, 

SYMBOLS 

x,  y,  z  rectangular  coordinates  (fig.  1) 
t  time 

u,  V,  w  incremental  flight  velocities  along  x-,  y-,  and 
2-axes,  respectively  (fig.  2) ;  induced  flow  v'eloc- 
ities  along  -r-,  y-,  and  2-axes  of  figure  1, 
respectively 

p,  q,  r  angular  velocities  about  x-,  y-,  and  2-axes,  respec¬ 
tively  (fig.  2) 


V 

d 

M 

M' 


B 

a 


AP 


P 

a 

b 


flight  speed 

speed  of  sound  in  free  stream 
stream  Mach  numbi'r  {V/d) 

component  of  the  Mach  numlx'r  normal  to  wing 
leading 

cotangent  of  Mach  angle  l) 

angle  of  attack  (Flight  ic/C) 
angle  of  sideslip  (Flight  v/\^ 
semivertex  angle  of  triangle 
Mach  angle  (cot“^  v 

local  pressure  difference  lietwei'ii  lower  and  uppi'r 
surfaces  of  airfoil,  positive  in  sense  of  a  lift 
density  of  air 

semiwidth  of  triangle  at  distance  x  from  v(*rU‘x 
span  (base  of  triangle) 
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c 

.s 

0 

0 

X 


root  ciionl  (lieigiU  of  trianglo) 
moan  aoiodynainic  chord 

(^'  =  “I  (Local  choi’d)“V/y  — “ 

slope  = 

aspect  ratio  (26/c) 
area  of  triangle  bej 
velocity  potential 

value  of  0  for  unit  pitching  velocity  al)0ut  //-axis 
valtie  of  0  for  unit  angle  of  attack 


t;  =  COS 


-I?/ 


k=^\-jRP 

E'{BC)  complete  elliptic  integral  of  the  second  kind  with 

X 

modulus  k  ^  \  1  — siir  -r  dz^ 

F'(BC)  complete  elliptic  integral  of  the  first  kind  with 


modulus  (  i  ~  — 

\Jo  1  snr  0/ 

G{BC)  =  (1  _  2B^C'‘)  E'  {BC)  -{■B^C^F'''{W) 
H(BC)  =iG(BC)-2E"  (BC) 

2(1  — B^C^ 

I(BC)  =  (^2~B^C^yE'TBC)~B^C-^ 

J(BC)  =  E"  (BC)  I(BC)  ■^\-B-E‘ 

K  constant  defined  in  equation  (1C) 

yawing  moment 
lateral  force 

suction  force  per  unit  length  of  edge 
lift  coefficient  /  \ 


iV 

Y 

f 

C, 


C,n 

c, 

c„ 

Cy 

I’N 


^  cn  ■  ^  /Pitcliiiig  momciitX 

pitclung-nioment  coninciciit  / - -  \ 

I  i  ol/2.9/7  / 

•) 


rolling-moment  coefficient 


^Rolling  moment^ 


pV^Sb 


yawning-moment  coefficient 


lateral-for 


rce  coefficient  /  ,  -  -  \ 

profile  drag  coefficient 

V  / 

induced  surface  velocity  normal  to  wing  leading 
('dge 


jierpendicular  distance  of  {)oint  y)  from  wing 
hauling  lalge 

2 

distance  of  ceiiti'r  of  gravity  forward  of  c 

Sul)s(‘ri])ts: 

R  right  ('dge 

L  left  etlgo 

WiuMi  j\  //,  or  t  are  used  as  subscripts,  the  r(‘spective 
partial  iha-ivative  is  indicated.  For  (‘xain])le, 


0x  = 


01 « — 


b(f> 

dx 

^_0 

dxdi 


Wlienever  a,  a,  g,  p,  /3,  and  r  arc  used  as  subscripts,  a 
nondimensional  derivative  is  indicaited  and  this  derivative 
is  the  slope  through  zero.  For  example, 


dCm 


an 


Ci  = 


dC, 


p-*o 


dC, 


A  dot  above  a  symbol  denotes  difFerentiation  with  respect 
to  time.  All  angles  are  measured  in  radians. 

ANALYSIS 

SCOPE 

The  stability  derivatives  of  triangular  wings  at  supersonic 
speed  that  have  been  treated  theoretically  heroin  or  else¬ 
where  are  listed  in  table  I,  together  with  the  expressions 
that  have  been  found  for  them.  All  the  derivations  make 
use  of  body  axes.  The  derivations  that  follow  giv  liie 
values  with  reference  to  the  ])rincipal  body  axes  of  fig  '  2 

with  origin  at  the  aerodynamic  center  0,0^.  Conver¬ 
sion  has  been  made  to  the  system  of  stability  axes  shown  in 

2  . 

figure  3  with  origin  a  distance  Xeg  ahead  of  the  -^c  point. 

Table  I  comprises  parallel  columns  which  present  formulas 
relative  to  both  systems.  The  expressions  are  limited  to 
Mach  numbers  for  which  the  triangle  is  contained  within 
the  Mach  cone  from  its  vertex. 
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Flci  RE  :l.  -Vi'locilies.  (orivs.  ;ni:i  ni;imciils  ii'hilivo  to  stability  axes  with  oricin  sit  ,,i' 
Principal  a\cs  of  fit’iirc  2  tlaslunl  in  for  comparison. 


DERIVATIVE  C’/.„ 

The  pressuie  distriliution  on  a  thin  triangular  wing  at  an 
angle  of  attack  in  a  supersonic  stream  has  been  obtained  m 
rcferenc(>s  2  to  4  bv  the  linearized  theory  without  restric¬ 
tion  on  the  vertex  angle  of  the  t riangle.  The  ap])roximat  ion 
originallv  given  for  the  slender  (low-aspect-ratio)  triangle 
(reference  7)  and  used  as  the  basis  for  reference  1  is  found 
to  ap])lv  to  the  general  case  upon  division  by  a  constant  (an 
elliptic  integral)  that  deitends  on  the  ratio  of  the  seinivertex 
angle  to  the  Mach  angle;  that  is, 

AP  ^  iaCa 

1  'E'(msa--r 

2 

where  E' {BO  is  the  complete  elliptic  integral  of  the  second 
kind  with  modulus 

=  ^  iyr- 

Thus,  the  lift-curve  slope  for  the  more  general  case  is  the 
value  itiven  bv  referi'iices  t  and  1  <li\ided  b\  P  {BO). 

^’^«-2E''{B0) 

=  lAE"{J^O 

The  siirfaci'  potiuitial  given  in  eciuation  (;i)  of  ndenuici'  I  is 
likewise  extended  to  include  nonslender  triangles  at  super¬ 
sonic  speeds  upon  division  by  E'{BO).  The  revised  po- 
Icntial  is 

Vail  sinj7 

{<t>)±z^«=±  1£'IJ0C) 

Fav_"--r  (;;) 

E'{BC)  ^  ’ 


The  elliptic  integral  E'iBO)  depends  only  on  the  param¬ 
eter  yiP  =*'”'  ‘  (ratio  of  the  taiurent  of  the  semivertex 
tan  M 

anH:l(*  of  tlu'  triangular  Avin^  to  llio  tan^(‘ni  ol  tlu‘  Mach 
antrlc)  and  is  llicrcfon'  a  constant  for  a  irivcii  winjr  at  a 
^iven  s])c('(l. 

DERIVATIVES  f’-,  .  AND  T, 

The  derivatives  C,„  ,  C.  ,and('\  are  derived  in  reference  5. 

<J  <i  I' 

With  r(‘spc(‘t  to  the  axes  of  (idlin'  2 

r„,  (4) 

V  lb 


n{BC) 

(5) 

C^=-'2  ^(«C) 

(6) 

where 

\-B-C- 

G{BC)  =  (^A.2iPC^E'  {BC)  ^HH'-F'{B0) 

{-) 

11  (BC)  -  ^G{BC)  - 2E"  (BC) 

(8) 

2(1 -/i-r-) 

1{BC) 

(9) 

and  F'{BC)  and  E'{BC)  are  the  comi)lete  elliptic  mtegrals 
of  the  first  and  second  kinds,  respectively,  with  modidus 

k=  V 1  -  7w; 

derivatives  r,,_  and  f,; 

The  derivation  of  Cl^  and  in  rofeivnce  1  is  based  on 
the  assumption  that  the  steady-state  surface  potential  is  not 
altered  in  the  first  order  by  a  small  normal  acceleration. 
This  assumption  is  true  for  the  narrow  trian^hs  treated  in 
the  earlier  paper,  but  it  fails  for  the  ^nuieral  trian^hs  tr(‘ated 
in  the  present  paper.  For  this  more  general  case  the  linear¬ 
ized  potential  equation  for  unsteady  motion, 

2V  1 


must  be  solved,  subject  to  the  boundary  condition  on  the 
wing,  that  is,  for  .r  =  0 

\±^-aVl  (11) 

02 

In  an  unpublished  i)aper.  Mr.  Chilord  S.  (lardner  has,  in 
efTect,  shown  that  a  suitable  solution  is 


a 


(12) 


where  \p  is  the  steady-state  potential  corresponding  to  a  unit 
pitching  velocity  about  the  //-axis  and  x  i^^  the  steady-state 
potential  corresponding  to  unit  angle  of  attack.  That  equa¬ 
tion  (12)  is  a  solution  can  bi‘  vi'rified  by  direct  substitution 
into  (‘quations  (10)  and  (11).  Thu^s,  (uininer  has  shown  that 
the  time -dependent  potential  for  an  angle  of  attack  at  may  he 
compounded  of  two  time-free  or  steady-state  potentials,  one  for 
a  constant  angle  of  attack  and  the  other  for  steady  pitching. 
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The  lift  clistvibutiou  at  lime  /  =  (!  foi'  llie  aiiL'le  of  attack 
at  is  ohtaitied  from  the  surface  |)oteiitial  l)y 

AP ='2p{  V<t>j-^  4> i)  (=0 

,  ...  /.U-  ,  .U-x  X  4 

=  -2p\  a  [  -  - pjrj.  X.  ^  -yj .  ) 

=  ^P(SP),.,-^^  ..A/^)„.,-2px]  (14) 

where 

(AP)^=i  lift  tiistribiition  for  unit  pitching  velocity  about 
?7-axis 

lift  distribution  for  unit  angle  of  attack 
The  choice  of  time  /  =  ()  eliminates  the  lift  duo  to  angle  of 
attack  and  leaves  only  the  increment  due  to  time  rate  of 
change  of  angle  of  attack. 

Integration  to  obtain  the  lift  and  moment  and  rialuctiou 
to  coefficient  form  yields 


where  the  integrations  are  carried  over  the  wing  plan  form. 
For  the  triangular  wing  with  y-axis  taken  tlirough  the 

aerodynamic  center,  -  c  from  the  apex,  the  derivative  C,n^  is 

zero.  The  derivatives  (7^.^  and  for  this  case  are  evaluated 
in  equations  (4)  and  (5),  respectively.  The  potential  x  is 
obtained  by  setting  a^\  in  equation  (3),  and  the  pressure 

coefficient^ jg  obtained  by  setting  a=l  and 

a  —  c(^  c-rJ^  in  equation  (1).  Substitution,  integration, 
and  simplification  yields  the  results 


2  M--1 

(10) 

^  tAE"{BC)-M-H(BC) 

(17) 

DERIVATIVE 

The  pressure  distril)Ution  ov(‘r  a  thin  triangular  wing  in 
yaw  (sideslip)  at  an  angle  of  attack  at  supersonic  sp(‘(*d  has 
been  ol)taiued  in  reference  h  and  unpublished  work.  If  the 

auirle  of  yaw  is  assunu'd  to  Ix'  small  tiu’  rolling- 

moment  co(drieieu(  can  be  e.xpressed  in  the  appro\imat(‘  form 

C\^  --°f  K" iliC) 

Thus,  the  derivative  with  respect  to  3  is 


An  allcM’iiat  iv(‘  d(U'ivatiou  })ased  on  t  lu'  surface  potential, 
equation  (3),  for  the  unyawed  wing  will  be  given  because 
the  method  provides  the  starting  point  for  a  derivation  of 
^  ^  ^  and  (. 

The  potential  for  the  disturbance  vidoeity  may  be  ex¬ 
pressed  relative  to  axes  alined  with  llu'  stream  (wind  ax(‘s) 
or  with  respect  to  axes  that  yaw  with  the  body  (body  axes). 

For  small  angles  of  yaw  Ij),  the  linearized  equation  for 

the  poti'utial  has  the  same  iorm  ndative  to  either  system  ot 
axes.  The  potential  is  determined  by  the  normal  velocity 
of  points  of  the  surface  and  by  tlu‘  orientation  of  the  surface; 
for  negligible  thiekiiess,  this  normal  velocity  is  just  a\  for  all 
angles  of  yaw.  The  potential  expressed  relative  to  wind 
axes  thus  varies  as  the  wing  yaws  ndative  to  these  axes. 
The  potential  e.xpressed  relative  to  body  axes  is  constant  for 
small  yaw  because  the  orientation  of  the  wing  relative  to  the 
axes  does  not  change. 

For  wind  axes,  Bernoulli's  law  has  the  form 


AP~- 


.  d(f> 


and  the  change  in  the  pressure  distribution  with  yaw  results 
from  the  change  in  the  potential  function  with  yaw.  For 
l)ody  axes  with  small  yaw,  Bernoulli’s  law  has  the  approxi¬ 
mate  form 


AP=2p\ 


(19) 


and  the  change  in  pressure  distribution  with  yaw  results 
from  the  term  — since  0  does  not  change. 

In  reference  1  in  the  section  entitled  Derivative  the 


derivation  employs  body  axes  and  equation  (19)  of  the 
present  paper.  The  surface  potential  used  (equation  (3)  of 
reference  1)  is  the  approximation  for  narrow  vertex  angle. 
Equation  (3)  lierein  for  a  general  vertex  angle  may  be  used 
instead.  Equation  (3)  herein  differs  only  in  the  factor 
\/E'(BC),  whence  the  (‘arlior  expression  for  Ci^  (equation 
(19),  referenc(‘  I,  with  r  =  0^)  acquires  this  factor  to  agree 
with  equation  (18). 


DERIVATIVE  C\ 


The  foregoing  discussion  of  the  triangular  wing  in  yaw 
(sideslij))  may  be  extended  to  provide  a  preliminary  treat¬ 
ment  of  the  eas{‘  of  a  small  angular  vidocity  of  yaw  r.  The 
corresponding  (‘Xtension  for  narrow  vertex  angle  is  made  in 
reference  1.  Idle  treatment  is  generalized  to  an  arliitrary 
vertex  angle  for  supersonic  speeds,  as  before,  by  using 
equation  (3)  herein  for  the  surface  potential.  Two  changes 
then  appear  in  the  pressure  eciuation,  equation  (20),  of 
refenniee  1.  The  right-hand  side  is  divided  by  E'(BC),  and 
th('  t(‘rm  a(  '—xf  '  must  be  retairuHl  since  (■'  is  no  longer  small 
eompan'd  with  unity  (Y '—d'angerit  of  semivertex  angle). 
With  thes(‘  eliang(‘s.  the  derivation  hauls  to 


E"iB('^ 


(IS) 


~  7ra 


( 


1 

9.1 


iB(^) 


(20) 
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STABILITY  DEIUVATIVKS  Ot'TUIAX(JU 

lu  the  (leiivittio.i  of  etiuntio.i  (20),  tlio  spauwise  varmtio.i 
ill  local  Mach  number  -aiised  by  yaivmir  is  not  taken  m  o 
account  althonsih  the  variation  in  forward  speed  is  taken  into 
account.  'Fhe  surface  |)otential  that  is  used,  equation  (.1  , 
satisfies  tlie  linearized  e(|uation  for  a  flow  of  uniform  *  lac  i 
number.  This  potential  is  inadequate  to  .lescribe  tlic 
compressibility  (dfccts  associated  with  a  spanwise  variation 

of  Mach  number.  .  , 

I'hus,  consider  a  hi-h-aspect-ratio  rectanj,nihu' 
tips  cut  off  along  the  Mach  lines.  In  straight  flight  the 
A^eret  theory  .•an  he  a|)plied.  'Phe  pressure  difference  is 
by 

2pM‘  (vSpood  of  sound);  ^2i) 

In  vawing  flight  the  forward  velocity  varies  linearly  along 
the'span.  If  the  rate  of  yaw  is  made  sufhciently  lo''  ,  tlm 
variation  from  wing  tip  to  wing  tip  can  be  made  so  small  that 
the  flow  is  still  nearly  two-dimensional  at  any  point.  Uius 
the  Ackeret  theory  is  still  applicable  if  the  local  Mach  number 

is  used  at  each  spanwise  station. 

The  variation  in  pressure  with  local  Mach  number  can  be 

obtained  from  equation  (21).  As 

increased,  the  pressure  decreases  from  infinity  at  to  a 

minimum  at  M=lA  and  then  increases  apm.  Thus  below 
Mach  number  1.4  the  faster  moving  sections  of  the  yawing 
wing  have  the  lesser  lift.  This  result  is  contrary  to  subsonic 
behavior  and  to  that  which  would  be  predictedl  if  Uie  span- 
wise  variation  of  Mach  number  were  neglected.  Thus  the 
spanwise  variation  of  the  compressibility  effect  causes  a 
reversal  of  the  sign  of  the  rolling  moment  due  to  yawing  foi 
rectangular  wings  at  Mach  numbers  between  1  and  1.4,  and 
at  M=  f  .4  the  moment  is  zero.  (This  result  refers  to  yawn^ 
in  a  system  of  stability  axes,  fig.  3.  For  body  axes,  fig.  -, 
the  effect  is  similar  but  the  revoreal  extends  t<J  M- ® .) 

A  vawing  triangular  wing  may  be  expected  likewise  sh^'v 
an  effect  of  the  spanwise  variation  in  Mach  number.  If  the 
triangle  is  contained  within  the  Mach  cone  from  its  verte.x 
(the  onlv  case  considered  in  this  report),  however,  the  effect 
should  be  verv  much  less  than  for  the  rectangular  wing.  In 
particular,  where  the  predicted  effect  for  the  rectangu  ar  wmg 
is  a  reversal  of  the  sign  of  the  rolling  moment,  the  effcuit  for 
the  triangular  wing  is  expected  to  be  merely  a  ^ 

magnitude.  A  reversal  in  sign  is  not  expected  iintd  the  edges 
of  the  triangle  protrude  from  the  Mach  cone.  Ihis  behavior 
is  inferred  from  the  fact  that  the  analyses  of  rtderences  2  to 
7  show  nianv  subs..nic  ehara.-teristics  for  triangles  within  the 
Mach  cone  and  a  marke.l  change  in  characteristics  for 
triangles  with  side  edges  outside  (he  Mach  cone. 

derivatives  CVp  AND 

Extensive  changes  are  necessary  to  generalize  the  treat¬ 
ment  of  Cy  and  C„„  in  reference  f  to  arbitrary  vertex  angles 
for  supers.>nic  sp.-e.ls;  therefore,  the  r.-vise.l  derivation  is 

irivon  in  dolail.  . 

'  The  derivatives  r,,,  and  relative  to  body  axes  foi  a 

very  thin  triangular  wing  without  dihedral  arise  entirely 


LAR  WINGS  AT  SUPERSONIC  SPEEDS 

from  suction  on  the  wiii^  side  edges.  Consider  a  condition 
for  wldch  t]u‘  induced  vf'locity  normal  to  the  edge  is  of  the 
form 

K 


(22) 


A 


in  the  immediate  neighborhood  of  the  edge,^where  .v  is  the 
perpiMidicuiar  distanc(‘  from  the  edge  and  K  is  a  constant. 
Reference  H  points  out  that  for  such  a  flow  there  is  a  siuTiou 
force  per  unit  length  of  edge, 


/=7rp/A"  \  I — d/'* 


(23) 


so  long  as  the  triangular  wing  does  not  protrude  from  the 
Mach  cone  from  its  vertex.  In  equation  (23),  df'  is  the 
Mach  number  of  the  (‘omponent  of  the  stream  flow  normal 
to  the  leatling  edge.  The  radical  is  the  Prandtl- 

Glauert  compressibility  factor  for  tlie  normal  component  of 
flow.  Equation  (23)  is  limited  to  real  values  of  the  radical 
by  the  condition  expressed  for  the  Mach  cone. 

For  the  delta  wing  in  rolling  motion  the  induced  velocity 
component  u  has  been  obtained  in  reference  .5  as 


i 


pyC^ 


Angie  of  attack  gives  the  additional  contribution  (reference  2) 


aVC^ 


The  total  induced  velocity  on  the  upper  surface  is  thus  the 
sum  of  Ui  and  U2  with  the  plus  sign 


u—  — ^1 


liBO 


Very  near  the  side  edge  this  velocity  is  approximately 


u=  - 


(J3/2  r  aV  I(BQ~\ 


where  the  plus  sign  refers  to  the  right  edge  and  the  minus 
sign  to  the  left  edge. 

If  a  similar  ealciilatiou  is  made  for  it  is  found  that 

as  the  side  edge  is  approached  the  resultant  induced  velocity 
becomes  normal  to  the  edge.  Thus  the  normal 


elocitv  near  the  edge  is 
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(> 

The  perpcMulieulai'  (iistaiUM'  ol  point  //)  troin  Uu*  ^iih' 
(‘(lixe  is 

xl-r'"-’ 

The  rc'suliiuit  iiidueed  velocity  V('ry  near  the  (‘dye  may 
therefore  he  expres^sed  approximately  as 

which  is  of  the  form  of  erpiation  (•22’).  Tlu'  suction  force  per 
unit  len<:ih  of  edye  is  from  (‘((nation  (22)  thus 

_tr  ,,  t  (rV^^  lI^)Vir(^  , 

P' J-  ([/<v(7f(^.,p-t-  4 

\ ( ix^rAd — '.V/  '■)  (24) 

E’iBC)  )  ‘  ^ 

where  th(‘  plus  siyu  refers  to  the  right  edge  and  the  minus 
sign  refers  to  the  left  edge.  The  factor  x  (iTf"'") (1  “-1^^") 
can  he  reduced  to  x  i—B'C',  where  B'—M~  1. 

'I'he  lateral  compon(‘nt  of  this  su(‘tion  force  is  given  hy 


I 


—  Jl) 


-  -  pC-c  a\  p  -  -  g->yjQ 


The  lat(‘ral-for(‘e  (‘oellicient  is  formed  hy  division  by  pV-S, 
and  the  (h‘rivativ(‘  with  r('S[)ect  to  pb/2V  is  the  stability 
d(‘riv!itive  t'l-  ■  lOs 


C.  ■- 


2wa  I{1iC)y\-WC^ 


3 


E'Wef) 


(2o) 


rh(‘  vawin<;  moment  of  th(‘  h'ading-edge  su(‘tion  about  the 
v('rt(‘x  of  the  triangle  is 


a; 


=  -  h  1 4 —ii)  ^  \  i A  f  ■  -  (/  (x  X 1  -r  C-) 


pC'c'aVpiX  +  4-) 


liBC)  X  1  -B-C- 


E'(B(J) 

The  moment  about  the  r(‘f(‘r(‘nce  point  (  "c, 0,0 j  is 

A=A'„+ij  (•}' 

Th(‘  yawing-moment  coelhcient  is  formed  In*  division  hy 
pr-'.S'fi.  and  th(‘  (l(‘rivntive  with  n'spect  to  pbl2V  k  the 
stability  derivative  C„  .  It  is 


1  ,  A\nBO  s  T-B-(r‘ 


r.  /1  .  A\I(BO 

^  ■•n=-^’^\S)A^  as)  . . E 


(BO 


(20) 


DKUIV  ATIVKS  Tv  ,,  f  ., VM)  C.,, 

Aca'ordin^  t(')  th(‘  discussion  on  a  small  au^le  of  yaw 

or  sideslip  surface  potential  (to 

the  first  order  in  (3)  expresscal  r('lative  to  body  axes,  'riius, 
the  initially  symmetric  distribution  of  h'adinir-ed^e  velocity 
})(U*sists  ill  sideslip.  d1ie  symmeti-y  of  tlie  hatdin^-ed^c 
suction  is,  lu)wev(M\  Uf)S('t  by  the  sidi'slip  Ix'cause  ot  a  coni- 
pressibiiity  (‘fleet.  The  (piantitativ(‘  ('valuation  of  the 
change  proec'c'ds  as  follows: 

K(juation  {‘2d)  (‘X{)r(‘sses  tlu'  su(‘tion  jX'i*  unit  length  of 
(‘dge  in  tin'  form 

/  =  TTp/V"  \  I  — d/'' 

For  infiidtesimal  sid('slip  the  constant  /v,  relat(‘d  to  iho  (‘dgc 
velocity,  is  unchanged,  butd/b  tin'  comporu'nt  Mach  ntinibc'r 
j)erpendicidar  to  the  (‘dge,  is  alti'H'd:  d/'  increases  on  the 
right  (‘dgc  and  decrc'ases  on  the  left  (‘dge.  B(‘caus('  of  the 
change  of  d/'  with  sich'slip  angle  i3  the  (‘dg(‘  suction  may  be 
written,  for  small  values  of  p, 


By  diflVrentiation  of  (‘qiiation  (22),  with  /v  constant  and 
=  M  sill  (e±/3)j  tlu're  results 


.  ^  /d/'“Cote\ 

/-/tf =0  =F  /3/s =0  (^  ■ 


(28) 


wh(‘re  the  upper  sign  refers  to  the  rigid  (‘dge  and  the  lower 
sign  to  the  left  edge. 

The  (piantitv is  obtainc'd  by  setting  ;>  =  0  in  equation 
(24): 


.  TTpCj’a'  >  I  — 

.//3.0-  . 


(29) 


Substitution  of  (‘qualion  (29)  in  the  last  term  of  ecpiation 
(28)  and  simplification,  with  tan  e  — yi(‘ids 


/=/p,oT0.,... 


7rp 


rvi-r-d/- 


2 


(30) 


Eejuation  (80)  gives  the  suction  i)(‘r  unit  h'Ugth  of  edge  for  a 
triangular  wing  with  an  angh*  of  sid(‘sli|)  (3. 

For  the  cas(‘  of  a  small  angular  velocity  of  yaw  /*,  the  (alge 
siudion  may  lx*  approximal(‘d  by 

where  is  tlu*  same  as/^=o  given  by  equation  (29), 

If  the  c(‘!der  of  rotation  is  at  the  r('f(‘r(‘nc(*  ix)int^  ij  c,  0,  0 
the  compon(‘rd  Mach  numb(‘r  normal  to  tlu*  edges  is 

d/'  — d/j^sin  e±  r  see 
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This  value  of  M'  is  to  be  incorporated  in  equation  (23)  for/ 
before  the  indicated  difTerentiation  can  be  carried  out. 
ddio  final  result  is 


^  C~x  sec‘  €  ^  7rpV  a-xC\\/~ 


(31) 


ddie  dili(‘r(*nce  i)et\ve('n  the  suction  forces  on  the  ri^ht  and 
left  ed^es,  as  determined  from  e((uations  (30)  and  (31),  has 
b(‘('n  integrated  to  yield  values  of  side  force  and  yawing 
moment,  ddie  procedures,  and  the  subse(iuent  reduction  to 
coefficient  form,  are  similar  to  those  leatling  to  equation  (25) 
for  Cy^  and  to  e(i nation  (26)  for  C„y  d'he  results  are 

C\  =  -^a-AArQ(BC)  1 


In  the  transformation  of  the  present  results  from  principal 
body  axes  to  stability  axes  terms  of  order  .17 1 6  and  the  more 
important  terms  of  order  a“  are  retained  (see  footnote,  table 
1),  whereas  in  reference'  I  siudi  terms  are  dropped  as  a  conse- 
(luence  of  the  narrow'  vertex-angle  approximation. 

These  results  for  an  arbitrary  vertex  angle  may  be  com- 
{)ared  wdtli  the  asymptotic  values  for  the  case  of  vertex  angle 
approaching  zero  given  in  reference  1.  The  present  results 
for  principal  axes  are  found  to  differ  from  the  asymptotic 
values  (except  for  small  terms  in  .1“  and  a')  only  in  the 
acquisition  of  c(‘rtain  factors  w'hich  in  general  are  functions 
of  Thus  f  7^,  Ci^,  and  of  reference  I  are  multiplied 

by  ty'{BC) ;  (\n^  is  multiplied  by  GiBC)]  is  multiplied  by 
U{BC) ;  is  multiplied  by  1{BC) ;  (\^  and  are  multiplied 


E'(BC) 


^J(BO 


Cy~~  a^A^\PQ{BC) 


> 


(32) 


and  Gi/  and  Cm-  are  multiplied  by 

a  a 


Mm(BO-E"{BC) 

AP-\ 


where 


C„  =- 


/  1  ,  /I  ,  9A’ 


+  0+-. 


1^) 


Q{BC)^ 


^JV-WC^ 


The  analysis  thus  far  has  been  based  on  potential-flow 
theory.  A  little  consideration  wdll  show^  that  the  direct 
viscous  effect — that  is,  the  skin-friction  drag — will  have  a 
negligible  effect  on  all  the  stability  derivatives  studied 
herein  except  To  this  derivative  the  skin  friction  will 

add  an  increment 


as  determined  in  reference  1. 


RESULTS  AND  DISCUSSION 

The  formulas  that  have  been  obtained  for  the  various 
stability  derivatives  arc  ('ollected  in  table  1.  Derivatives 
obtained  elsewhere  are  included  for  completeness,  and  the 
source  is  indicated  in  each  instance.  Expressions  are  given 
for  two  systems  of  coordinate  axes.  In  the  first  column  are 
show'll  the  derivatives  relative  to  the  principal  body  axes  of 

2 

figure  2  with  origin  a  distance  -  c  from  tlie  vertex  of  the 

triangle.  In  the  second  column  are  shown  the  results  rela¬ 
tive  to  stability  axes  w'ith  origin  a  distance  Xcg  ahead  of  the 

“  c  point.  The  relationship  betw^een  the  tw'O  systems  of 

axes  is  show'ii  in  figure  3.  Equations  for  transforming  from 
body  axes  to  stability  axes  are  given  in  reference  8;  the  shift 
in  origin  results  in  additional  terms. 


The  parameter  -  is  the  ratio  of  tangent  of  the  semi¬ 

vertex  angle  of  the  triangle  to  the  tangent  of  the  Mach  angle; 
fiC approaches  zero,  therefore,  as  the  vertex  angle  approaches 
zero.  The  several  functions  E'"(BC'),  .  .  .  J{BC)  all 
approach  unity  as  BC  approaches  zero,  and  thus  the 
derivatives  obtained  herein  approach  the  asymptotic 
values  of  reference  1  as  the  vertex  angle  goes  to  zero. 

The  variation  of  the  stability  derivatives  with  Mach 


number  (except 
factors  E'^{BC),  .  , 


Q{BO^ 


[E"{BC)Y 


and  Cm'a)  is  contained  entirely  in  the 
.  J{BC)  and  an  additional  factor 

The  sLx  factors  are  plotted  against 


the  ratio  of  the  tangent  of  the  semivertex  angle 

tan  M 

to  the  tangent  of  the  Mach  angle,  in  figure  4. 

The  derivatives  apply  to  a  wing  of  triangular  plan  form  and 
zero  thickness.  The  calculations  are  based  on  the  assump¬ 
tion  of  potential  flow  wdth  small  disturbances,  except  in  the 
case  of  the  derivative  in  which  skin  friction  is  considered. 
The  predicted  infinite  negative  pressure  acting  on  an  edge  of 
zero  thickness  to  yield  a  finite  suction  force  is,  of  course,  a 
mathematical  idealization.  (The  local  violation  of  the 
assumption  of  small  disturbances  is  not  serious.)  Subsonic 
experience  indicates  that  w’ith  a  suitably  rounded  edge  a 
considerable  lt‘ading-edgc  suction  force  may  be  realized  in 
practice,  wdtli  the  theoretical  value  an  upper  limit.  On  the 
other  hand,  a  sharp  leading  edge  is  know''n  to  cause  loss  of 
the  leading-edge  suction.  The  requirements  of  extreme 
thinness  and  a  rounded  leading  edge  (that  is,  appreciable 
radius  of  curvature)  arc  evidently  in  conflict.  Thus,  the 
degree  of  applicability  of  the  yaw  ing-moment  and  lateral- 
force  derivatives  to  actual  triangular  wings  is  uncertain.  A 


s 


UKPOirr  NO.  'M).S — NATKI.XAL  AI)\  ISOKV  ('(IMMn'TKI';  FOU  AKliOXAF  l'lCS 


I 


further  linntation  ou  validity,  nlnauly  <‘lal)()i-at(‘(l  on  in  lh(‘ 
si‘(‘ti{)u  ou  ( (‘xists  also  for  tlu'  (U'rivat i V(‘s  with  r(‘s|)eet  to 
vawui^  v(‘l()(‘ity.  ^Plu'  analysis  IU'^'l(a•ts  liu*  spanw’isc'  varia¬ 
tion  ill  Mach  inindxu'  eauscxl  hy  the  yawinir  (hut  not  the 
s|)anwis('  variation  in  vidointy).  Idu'  n'suk  is  an  ('rror  in  tlu' 
niagnitiuh'  of  the  yawinij;  (huavalives  that  is  (Wpeetial  to 
vary  from  z(‘ro  for  '— •()  to  an  irn])()rtanl  amount  for  lU  1 . 

The  poKmtial  4>  satisfies  the  linearizial  (Hpiation  of  motion 
for  tli(‘  steady  state  hut  not  tlu'  mon'  ^nmeral  linearized 
(Hpiation  for  unstiauly  motion  (‘xeept  for  the  ease  of  normal 
ae(‘(‘lei‘ation  (a).  This  eiriaimstanee  iinplii's  that  the  pn'stMit 
(‘xpressions  for  tlu'  stability  derivatives  are  suitable  only  for 
stc'ady  motions,  motions  with  small  ai'ei'hu-ations.  or  sinuous 
motions  of  low  friHjm'ney.  This  limitation  is  aiax'pted  in  all 
stability  work  and  may  become  si'rious  only  in  eases  of  hii;h- 
frequeney  oscillations  such  as  flutti'r. 


Laxgluv  Mkmorial  Akroxautical  Laboratory, 
Xatioxal  Advisory  Committee  for  Aeroxautic:s, 
Laxgeey  Field,  Va.,  November  (>,  lO/J. 
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>  In  llio  iraiisformation  from  liotiy  axes,  terms  of  order  have  been  neglected  in  comparison  with  unity,  but  terms  of  order  a-IA  have  been 
retained  since  tlioy  may  l)e  appreciable  for  .small  values  of  A.  ^  ^  p„kt,ho  off.cp,  .«o 


Positive  directions  of  axes  and  angles  (forces  and  momonts)  are  shown  by  arrows 
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Absolute  coefficients  of  moment 

- 

(rolling)  (pitching)  (yawing) 


Angle  of  set  of  control  surface  (relative  to  neutral 
position),  5.  (Indicate  surface  by  proper  subscript,) 


4,  PROPELLER  SYMBOLS 


D 

Diameter 

p 

V 

Geometric  pitch 

pID 

Pitch  ratio 

a 

V' 

Inflow  velocity 

V. 

Slipstream  velocity 

Thrust,  absolute  coefficient  Gr=  —  vrvi 

pn^LJ* 

V 

T 

n 

Q 

Torque,  absolute  coefficient 

<f» 

Power,  absolute  coefficient  Cp~ 


P 

f>nW^ 


Speed-power  coefficient  — 


Efficiency 

Revolutions  per  second,  rps 


Effective  helix  angle  =  tan  ^ 


GQ 


1  hp  =  76.04  kg-m/s  =  650  ft-lb/sec 
1  metric  horsepower= 0.9863  hp 
1  mph=0.4470  mps 
1  mp6=  2.2369  mph 


6,  NUMERICAL  RELATIONS 

1  lb=0.4536  kg 
1  kg=^2.2046  lb 
1  mi=  1,609. 35  m  =  5,280  ft 
1  m=:3.2808  ft 


